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When building mathematical models to represent chemical phenomena, the identifi-
cation of the system kinetics can be one of the most difficult and time-consuming proc-
esses. The high-parameter correlations, which are typical of the most common reaction
networks (parallel, consecutive reactions, etc.), often make the identification and
proper estimation of the model parameters extremely difficult. For this reason, a novel
approach to model-based experiment design able to yield optimally informative experi-
ments while simultaneously reducing the correlations between the model parameters
was proposed in a previous publication. (Franceschini and Macchietto, AIChE J.
2008;54:109–1024) This method was demonstrated very effective when applied to a
simple, illustrative case. This article investigates this novel approach in more details
and presents an algorithm and a structured set of recommendations to guide a user in
the formulation of the design sequence most appropriate to the features of the problem
under investigation. The application to a more complex fermentation example is used
to demonstrate the usefulness of the proposed algorithm, the effectiveness of the novel
criteria in yielding precise parameter estimates as less correlated as possible, and the
suitability of this method to various design procedures (sequential, parallel, etc.).
� 2008 American Institute of Chemical Engineers AIChE J, 54: 3221–3238, 2008
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Introduction

The importance of dynamic mechanistic modeling in pro-
cess engineering is undeniable: when limitations of time and
money prevent the exploration of all potentially feasible sol-
utions for a certain process, the engineer turns to the use of
mathematical models to overcome this drawback. These
models may be empirical or based on mechanistic knowledge
(physical, chemical, or biological laws). These mechanistic
models are more powerful because they allow extrapolation
of the design space to conditions beyond that encountered
during laboratory experimentation. However, to perform this

extrapolation in safety, these mathematical models must be
validated: all the unknown parameters included in the model
must be estimated from experimental data and be statistically
satisfactory. Collecting the data which are required to build
and validate a model can therefore be costly, both in terms
of time and resources. Therefore, there is a need to develop
such models in a systematic way to maximize the informa-
tion obtained from each experiment and to minimize the
number of analyses, the cost of materials, and the time
required. From this point of view, the modern technique of
Model-Based Experiment Design is an important link
between the experimental and the modeling world as it aims
at obtaining the maximum information from the experimental
apparatus being modeled by devising experiments that will
yield the most informative data, in a statistical sense, for use
in parameter estimation and model validation.
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In what follows, a general deterministic model described
by a set of (possibly mixed) differential and algebraic equa-
tions (DAEs) is considered:

fð _xðtÞ; xðtÞ; uðtÞ;w; h; tÞ ¼ 0

yðtÞ ¼ hðxðtÞÞ

(
(1)

where f is a neq-dimensional set of DAEs and is assumed to
have continuous first partial derivatives with respect to its
arguments. x(t) is a ns-dimensional vector of time dependent
state variables, _xðtÞ is an ndiff-dimensional vector of differen-
tial variables, u(t) is a nu-dimensional vector of time-varying
controls or inputs to the process, w is a nw-dimensional vec-
tor of constant controls, h is a p-dimensional vector of model
parameters to be determined, and y(t) is an nresp-dimensional
vector of measured response variables that are functions of
the state variables, x(t). In most cases, h(x(t)) will simply be
a ‘‘selector’’ function, selecting those state variables that are
in fact measured.

In mathematical terms, given an initial model and current
values of its parameters, the aim of model-based experiment
design is to minimize the expected confidence region of the
new parameters, i.e., to make the elements of the parameters
variance-covariance matrix small. An experiment design cal-
culation thus involves minimizing some metrics of this ma-
trix or of its inverse, the information matrix, by choosing a
set of experiment decision variables (length, time-varying
and time invariant controls, initial conditions, sampling
times, etc.), which are collected in the so-called design vec-
tor /, subject to equality or inequality constraints defining
the allowable experimental conditions and (expected)
responses.1 The design vector therefore contains all the con-
trol variables which can be manipulated by the experimenter
and optimized during the design and, of course, u must be
constrained to lie within the experiment design space F to
obtain an experiment realizable in practice.

For a dynamic experiment, the information matrix can be
calculated according to the following definition, first derived
by Zullo2:

Mðĥ;uÞ ¼
Xnresp

r¼1

Xnresp

s¼1

rrsQ
T
rQs (2)

where nresp is the number of model responses, ĥ is the vector
of the best available estimates of the model parameters, / is
the design vector, and rrs is the element (r, s) of the inverse
of the variance–covariance matrix of the experimental meas-
urements. Qr is defined as:

Qr ¼
@yri
@hj

� �
i ¼ 1; :::; nsp; j ¼ 1; :::; p (3)

and is the matrix of the first-order sensitivity coefficients of
the rth model response, computed at each of the nsp sampling
times. For a detailed description of the experiment design
method, reference is made to Franceschini and Macchietto.1

Various real-valued functions have been suggested as suit-
able metrics for the ‘‘size’’ of the parameter variance–covari-
ance matrix or of the information matrix.1 The most common

criteria are the A-, D-, and E-optimal, which maximize,
respectively, the trace, the determinant, and the smallest
eigenvalue of the information matrix. For a detailed dis-
cussion of these criteria, reference is made to Walter and
Pronzato.3

As the information available at the time of model building
is often scarce, incomplete or imprecise (the experimental
data can be affected by high errors and/or the values of the
parameters may be unknown or very uncertain), the approach
required to validate the model statistically (experiment design
for parameter precision) must be an iterative procedure (see
Asprey and Macchietto4 or Sidoli et al.5 for a discussion on
the complete systematic model-building procedure). There
are three main approaches to an iterative design of experi-
ments: sequential (the most used method6–11), parallel (see
the very significant and recent contribution from Galvanin
et al.12 on this topic), and parallel/sequential (see Figure 1).
In a sequential approach, the basic idea consists in improving
the initial choice of the parameter values by alternating
experiment design and identification of the parameters. Each
new experiment is designed using the estimates obtained
from the previous estimation step as nominal values for the
parameters (Figure 1a), until the estimation can be consid-
ered statistically satisfactory (see Asprey and Naka13 for a
discussion on statistical and model adequacy tests). In a par-
allel approach (Figure 1b), several experiments are designed
simultaneously (all adopting the same nominal values for the
parameters) and then performed in the laboratory. Using the
data collected from all the parallel optimal experiments, the
parameters are estimated and their adequacy assessed. If the
information obtained from the npexp experiments designed in
parallel is shown to be insufficient after the parameter esti-
mation, the procedure can be repeated (parallel/sequential
approach). Therefore, in a sequential and parallel/sequential
approach, three consecutive steps are needed to determine
and improve the accuracy of the model parameters:

1) The design of one optimal experiment (sequential
approach) or np optimal experiments (parallel/sequential
approach) based on the current knowledge of the system
(model structure and the best available parameter values);

2) The execution of the designed experiment/s and collec-
tion of the new data;

3) The estimation of the model parameters and their statis-
tical assessment.

The sequential iteration of Steps 1, 2, and 3 leads to a pro-
gressive reduction in the uncertainty region of the model pa-
rameters, thanks to the new information obtained from the
experimental data. In a parallel approach, on the other hand,
Steps 1, 2, and 3 are repeated only once: all the required
experiments are designed simultaneously and the parameters
are estimated only after all the optimal data have been col-
lected from the laboratory experimentation. As mentioned in
Galvanin et al.,12 there are a number of research and indus-
trial applications where a parallel approach is more suitable
than a sequential one. For example, miniaturization and
nanotechnology allow the definition of array of modules,
such as microreactors for chemical or biochemical reactions,
in which several experiments can be simultaneously per-
formed in different conditions.

Several experiment design techniques have been developed
in the past and applied successfully to a wide range of
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systems.14–23 One of the areas where an effective experiment
design can be most useful is the identification of the kinetic
parameters of a model. As highlighted in a previous publica-
tion,24 this problem can be very much complicated by the
large number of parameters often involved in kinetic mecha-
nisms and by their significant interactions. Reaction networks
constituted of parallel, sequential, competitive, or consecutive
steps are all examples of kinetic models characterized by
highly correlated parameters, which often prevent successful
experiment design and/or parameter identification. In the
view of the above issue, a novel approach to the experiment
design of complex kinetic models was strongly advocated
and was recently developed.25 A previous article26 presented
this innovative experiment design method, which is capable
of reducing parameter correlations while maintaining the
same aims of traditional designs (improving the precision of
the parameters). Four new optimal design criteria (PAC,
ACE, E-AC, and AC-V) were proposed that include explicit
measures of correlation as objective function or as constraints
and are able to target the experiments to the improvement of
specific parameter/s. The formulations of these novel criteria
were presented in the above cited publication26 and their
effectiveness was tested by means of an illustrative three-pa-
rameter epoxidation example. The results of the tests proved
the novel approach very successful, highly flexible, and more
effective than the standard experiment design criteria in
reducing the uncertainty regions of the parameters and
improving the reliability of the estimates. This article deals
with some of the issues which were risen in the previous
publication during the presentation of the novel approach
without receiving a complete and thorough discussion (such
as, the choice of the most appropriate bounds and criteria,

the potential rotation of the ellipsoid during the design, the
preliminary analyses required for a reasoned application of
the criteria). In addition, an algorithm and a structured set of
recommendations will be proposed to guide a user in the for-
mulation of the design sequence most appropriate to the fea-
tures of the problem under investigation.

Regarding the structure of this article, the next section
briefly recalls the main characteristics of the novel anticorre-
lation (AC) approach and the formulations of the four crite-
ria. Then, a comprehensive algorithm is described to summa-
rize all the preliminary steps and choices required to perform
an experiment design using one of the novel AC criteria. A
thorough discussion of some issues strongly related to the
application of the novel approach to more complex systems
(structural/non-structural correlations, ellipsoid rotation, and
choice of the criteria) is also presented. Finally, the effective-
ness of the criteria and the helpfulness of the proposed algo-
rithm are demonstrated through the application to a more
complex and realistic case study than the epoxidation exam-
ple previously used26: a four-parameter model describing a
fermentation process. Although simple, this case study is
quite substantial and has been used several times in the past
to illustrate other novel experiment design approaches devel-
oped by our research group.4,12,16,27 For this reason, the bio-
reactor example has been chosen here to demonstrate the
application of the proposed AC algorithm. Both an ideal case
with good initial values for the parameters and reliable meas-
urements and a poor situation are tested. The second instance
(imprecise data and wrong initial guesses for the parameters)
is particularly suitable for investigating both a parallel and a
parallel/sequential experiment design approach. The chosen
example is quite simple and not particularly large but is very

Figure 1. Sequential, parallel and parallel sequential approaches to model-based design of experiments.

The symbols used in the figure have the following meaning: ki are the model parameters, kfi are the final validated model parameters, k0
i

are the initial values of the parameters (the best available estimates), kji are the model parameters obtained after the j-th estimation and j is
a counter which indicates the current iteration (for sequential and parallel/sequential only). [Color figure can be viewed in the online issue,
which is available at www.interscience.wiley.com.]
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suitable for a step-by-step illustration of the use of the novel
algorithm. An application of our innovative AC approach to
a real case of industrial interest involving the actual, as
opposed to simulated, execution of laboratory experiments (a
biodiesel production process) has been already published
elsewhere.28

Novel Anticorrelation Experiment
Design Criteria

In the last 20 years, several studies have highlighted the
problems which can affect an estimation procedure when pa-
rameters are highly correlated29–32 but only a few of them
has tried to propose and implement a solution based on
model-reparameterization and/or variable separation,33–36

well-designed experiments31,37 or independent estimation of
as many parameters as possible.38 The rest of these works
simply noted the problem and concluded with a recommen-
dation of trying to avoid correlated parameters as much as
possible.39 Few papers in the literature have identified a suit-
able experiment design procedure as a possible way of over-
coming the correlation problem and the most valid criterion
proposed before our study25 to reduce parameter correlations
when designing optimal experiments is Pritchard’s method.31

This criterion employs the so-called overall correlation level
(OCL), which is the root square of individual correlations
between pair of parameters, as objective function (p is the
number of model parameters):

OCL ¼
X
i; j

i 6¼ j

c2
ij

ðp2 � pÞ

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

1=2

: (4)

As the works of Agarwal and Brisk40 and Issanchou et al.41

have revealed, Pritchard’s criterion which aims only at reduc-
ing parameter correlations is deemed to produce large confi-
dence regions for the parameters since the information content
of the experiment is not included in the design. For this rea-
son, most of our novel AC criteria25 aim at finding the best
possible trade-off between reduction in the parameter correla-
tion and increase in the information content of the experiment.
In addition, these criteria allow designed experiments to be
specifically targeted at improving a selected parameter or
group of parameters of interest and this has been proved par-
ticularly useful for sequential experiment design strategies.26

The AC-V design achieves this experiment targeting by
directly minimizing the variance of the desired parameter/s
while reducing the correlations. The ACE and E-AC criteria
exploit some concepts of principal component analysis to
reach the goal of targeting the experiment: to improve the esti-
mation of a certain parameter, its specific eigenvalue is maxi-
mized (see the section on ellipsoid rotation).

Anticorrelation Criteria Formulation

In this section, the formulations of the four novel criteria
discussed in Franceschini and Macchietto26 are briefly
recalled.

The correlation matrix (C) is calculated, by definition,
from the elements of the variance–covariance matrix (V):

Cij ¼
Vijffiffiffiffiffiffi

Vii

p
�

ffiffiffiffiffiffi
Vjj

p i; j ¼ 1; :::; p (5)

As V is the inverse of the information matrix, the correla-
tion coefficients required in the formulation of the novel cri-
teria can be easily computed at each iteration of the experi-
ment design calculations by inversion of the information ma-
trix, M, of Eq. 2.

PAC design

The objective function involves the sum of the two largest
correlation coefficients (not more than two otherwise, based
on our experience, the minimization of the function can
become too difficult due to the presence of several minima)
while the other elements of the correlation matrix C are sub-
ject to the constraints

min
u2U

C2
ijðĥ;uÞ þ C2

klðĥ;uÞ
� �

with

Cij;Ckl ¼ maxCjbasepoint and i; j; k; l 2 f1; :::; pg
s:t: C2

mnðĥ;uÞjm 6¼n
mn 6¼ij 6¼kl

< eCmn m ¼ 1; :::; p� 1;

n ¼ 2; :::; p ð6Þ

with bounds eCmn set differently for each constraint. p is the
number of model parameters, / the design vector (which
includes all the design variables), F the design space (identi-
fied by the variability range of all the design variables con-
tained in the vector /), and ĥ the vector of the best currently
available parameter estimates.

ACE design

The criterion adopts the formulation expressed by Eq. 6
with the following additional constraints on one or more
eigenvalues k of the information matrix

ki � k0
i > eki with i 2 f1; pg (7)

with eki a specified bound.

E-AC design

The objective function maximizes one of the eigenvalues
of the information matrix while all the correlation coeffi-
cients are bounded in the constraints

max
u2U

f ðMðĥ;uÞÞ ¼ max
u2U

kiðĥ;uÞ i 2 f1; pg

s:t: C2
ijðĥ;uÞji 6¼j < eCij i ¼ 1; :::; p� 1; j ¼ 2; :::; p

(8)

with eCij specified bounds.

AC-V design

The criterion uses the formulation expressed by Eq. 6 with
the following additional constraints on one or more parame-
ter variances:

Vii < evi i 2 f1; pg (9)
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with eVi a specified bound and Vii the variance of parameter i.
As an alternative, the formulation of the E-AC design can be
adopted resulting in the V-AC criterion; the objective func-
tion minimizes the variance of a certain parameter/s while all
the correlation coefficients are bounded in the constraints:

min
u2U

Viiðĥ;uÞ with Vii 2 Vðĥ;uÞ

s:t: C2
ijðĥ;uÞji 6¼j < eCij i ¼ 1; :::; nP � 1; j ¼ 2; :::; nP

:

(10)

Anticorrelation Criteria: Algorithm and
Critical Issues

As highlighted in a previous article,26 the PAC criterion is
not a recommended choice for the design of experiments as
the information content of the new data is not considered.
The optimal experiments designed with this criterion were
demonstrated to be very successful in eliminating the correla-
tions but poorly informative. Therefore, although the reduc-
tion in the parameter correlations tends to improve the
estimates, the loss in information content causes this criterion
to be less effective than the standard E-optimal design (larger
confidence regions). However, the PAC criterion can be very
useful at the preliminary stage to assist in the choice of the
most appropriate combination of objective function and con-
straints. Before starting the design, it is very important to
know the features of the system in terms of correlations and
relationships between parameters and principal directions;
this last information can be easily obtained by an eigen-
value–eigenvector decomposition of the information matrix
at the base point. However, this knowledge alone is not suffi-
cient, in particular, for complex systems. For example, it is
essential to understand whether the correlations between the
parameters are caused by a bad design (the base point is of-
ten an unplanned experiment) and so can be eliminated, or
are strongly dependent on the structure of the model. In addi-
tion, the higher the number of parameters, the more likely is
that the reduction in some of the correlation coefficients will
cause an increase in some of the others; this information
must be known a priori to choose appropriate bounds in the
constraints and avoid convergence problems. Some prelimi-
nary calculations of optimal experiments using a standard
and the PAC design are a very suitable way of developing
this knowledge of the system.

The following algorithm is presented to summarize all the
preliminary steps and choices required to perform an experi-
ment design using one of the novel AC criteria (after the
introduction of the algorithm some comments are added in
order to clarify certain recommendations). The relative im-
portance which is used in several algorithm steps is calcu-
lated according to Perger et al.42 as the square of each eigen-
vector component (impij 5 e2

ij where E is the eigenvector
matrix) and indicates how significant the parameters are in
each of the principal directions.

Given a design vector / (base point for the design), a
design space F, and a value for the parameters ĥ:

1. Calculate the information matrix (Mbp), the parameter
variance–covariance matrix (Vbp), and the parameter cor-
relation matrix (Cbp) at the base point;

2. Analyze Cbp to identify ‘‘problematic’’ coefficients, i.e.,
any coefficient that passes the ‘‘dangerous’’ levels of 80
and 90% of correlation (for use in Step 5);

3. Perform an eigenvalue-eigenvector decomposition of
Mbp to obtain kbp and Ebp; calculate the relative impor-
tance impij|bp of the various parameters (i 5 1,. . .,p) in
all the principal directions (j 5 1,. . .,p) and for each
direction identify its dominating parameter (the one with
the largest relative importance) for use in Step 10;

4. Carry out a standard design (D- or E-optimal) and ana-
lyze the predicted correlation matrix Csd obtained to see
whether the parameters are more or less correlated than
at the base point;

5. Based on the results obtained in Steps 2 and 4, choose
the correlation coefficients to be minimized in the objec-
tive function for the PAC design required in Step 8 (see
the comments at the end of the algorithm for a recom-
mended criterion for this decision);

6. Carry out an eigenvalue-eigenvector decomposition of
the predicted optimal information matrix obtained with
the standard design (Msd) to calculate ksd. Identify the
upper bounds for the constraints on the eigenvalues (for
the ACE design only) as:

eki � ðki � k0
i Þ sd i 2 f1; pgj ; (11)

7. Choose the bounds eCij |PAC for the PAC design required
in the next step within the range:

eCij PAC 2 ½0;C2
ijjbp� i; j ¼ 1; :::; p and i 6¼ j

��� (12)

8. Carry out a PAC design with objective function from
Step 5 and bounds for the constraints from (12) to under-
stand to which extent the correlations can be eliminated
and identify the potentially problematic coefficients (the
ones which cannot be significantly reduced without a
great worsening of the others);

9. Perform an eigenvalue–eigenvector analysis of the pre-
dicted optimal information matrix obtained with the
PAC design (MPAC) to calculate kPAC and EPAC; compute
the relative importance impij|PAC of the various parameters
(i 5 1,. . .,p) in all the principal directions (j 5 1,. . .,p) and
for each direction identify its dominating parameter (the
one with the largest relative importance);

10. Compare the relative importance of the previous step
with that at the base point (Step 3) for all the parameters
in order to recognize possible ellipsoid rotations and
identify the parameter-eigenvalue connection required
for the ACE and E-AC criteria:
� if the principal directions are dominated by the same

parameters in both cases, no rotation has occurred and
the required parameter-eigenvalue association is iden-
tified,

� otherwise, use the connection between parameters and
eigenvalues obtained in Step 9;

11. Choose the bounds for the constraints on the correlation
coefficients within the range identified by the bounds
used for the PAC design in Step 8, eCij jPAC (lower bound)
and the base point correlation coefficients Cij|bp (upper
bound):
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eCij jPAC � eCij � C2
ijjbp i; j ¼ 1; :::; p and i 6¼ j (13)

12. If the AC-V (or the V-AC) criterion is adopted:
� select the parameter/s for which the experiment is tar-

geted (the parameter dominating the most uncertain
principal direction is the best choice for the first
experiment);

� decide the desired predicted t-value for the selected
parameter/s (approximately around or higher than the
one/s obtained with the standard design) and then cal-
culate the bounds for the constraints on each parame-
ter variance from the following equation:

ti ¼
ĥi

Xið0:95Þ with XðaÞ ¼ t
1 þ a

2
; n� p

� �
�

ffiffiffiffiffiffi
Vii

p
(14)

ĥi is the current best estimate of the i-th parameter, a
the probability level (typically a 5 95%), n the num-
ber of measurement data available, p the number of
parameters, and t the statistical Student’s t-distribu-
tion;

13. If the ACE (or the E-AC) criterion is used:
� choose the parameter/s for which the experiment is

targeted according to the parameter-eigenvalue con-
nection identified in Step 10;

� for the ACE design, decide the bounds for the con-
straints on the eigenvalues within the range identified
by the eigenvalues obtained with the PAC (lower
bound) and the standard design (upper bound):

ðki � k0
i ÞjPAC � eki � ðki � k0

i Þjsd i 2 fi; pg (15)

14. Perform the experiment design and assess the results
obtained using the predicted statistics, i.e., verify by
means of the predicted t-values whether or not the
expected precision of the parameters is sufficient for a
satisfactory estimation.

Step 5 of the algorithm involves the choice of the correla-
tion coefficients to be minimized in the objective function.
Based on our experience, the best results in terms of conver-
gence are obtained when the ‘‘problematic’’ correlation co-
efficients (the ones which can be reduced only with a signifi-
cant worsening of the others) are minimized in the objective
function and not bounded in the constraints. Therefore the
recommended criterion requires the minimization in the
objective function of those of the ‘‘problematic coefficients’’
identified in Step 2 which are not reduced in the standard
design without causing a significant worsening of the others.

Step 7 of the algorithm addresses the choice of the bounds
to be used in the PAC design; in case of complex models
with a large number of correlation coefficients, the recom-
mended criterion is to identify two–three levels of acceptable
correlation (a medium and a low one at least) based on the
correlation matrix at the base point. The medium bound
(; 50–60%) can be used to constraint the largest correlation
coefficients not employed in the objective function and the
low level (; 10–20%) can be employed for the smallest cor-
relations. It is worth noting however that in order to reduce
the largest correlations to medium levels, it is very often nec-
essary to adopt a less strict bound for the smallest coeffi-

cients. Allowing these coefficients to rise if necessary can
make a reduction of the largest correlations easier and very
often feasible. The upper bound indicated in (12) can there-
fore be exceeded sometimes for the smallest coefficients to
ease convergence. The same observation is valid for point
(11) of the algorithm.

Finally, the PAC design performed in Step 8 of the algo-
rithm is also useful to verify whether the choice of the corre-
lation coefficients to include in the objective function and in
the constraints (based on the results of the E-optimal crite-
rion, see Step 4) is valid for use in the calculations of the
optimal experiments. If the criterion proves to be effective
and successful in reducing the correlations below the desired
levels, the choice made in Step 5 can be deemed suitable for
the other AC designs.

The application to the bioreactor case study presented in
the results section will show the importance of these prelimi-
nary analyses and the effectiveness of the proposed recom-
mendations by discussing the main points of the algorithm in
details. Before this illustrative part, the next sections will
deal with some critical issues which can rise from the appli-
cation of the novel AC approach to complex systems.

Structural/Nonstructural Correlations

The novel AC criteria aim at identifying regions of the
design space where the parameters are as little correlated as
possible. These methods therefore can reduce/eliminate the
correlations caused by poor designs. However, if the parame-
ter correlations are structural (i.e., due to the model equa-
tions), the novel criteria are unable to decrease them. As
pointed out by several studies,13,31,43 in these cases the corre-
lations can be reduced only by using a reparameterization of
the model. A typical example of such a situation is a system
involving an Arrhenius equation: very often the correlations
between pre-exponential factors and activation energies can
be reduced only if the temperature is allowed to span a wide
range, which may be unrealistically large for the vast major-
ity of chemical reactions. The Arrhenius equation is a clear
example of a structural correlation but, when complex kinetic
networks or a large number of parameters are involved in a
model, it is very likely that not all the correlations can be
eliminated. Some of the correlation coefficients can be
‘‘problematic,’’ that is they cannot be significantly reduced
without causing a worsening in other coefficients. This situa-
tion too can be considered a structural problem since, due to
the model structure, only a partial reduction of the ‘‘problem-
atic’’ coefficients must be accepted and sought in the design.
Only in this way, optimal experiments showing an improve-
ment in all the parameter correlations can be obtained.

An easy way to look for potential parameter correlations
in models is to calculate the information matrix and from it
the correlation matrix (5) at different base points. Of course,
this method is not comprehensive but can quickly provide an
idea whether parameter correlations may represent a problem
for the model under investigation. If this preliminary analysis
shows parameter correlations to be significant, the second
step is to identify whether these correlations are structural or
not. The PAC designs performed during the preliminary anal-
ysis (as required by the proposed algorithm) allow structural
correlations to be assumed when no convergence is reached
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even with very loose constraints. However, a more structured
approach than this trial and error procedure is highly desira-
ble and will be part of our future research on this topic.

Ellipsoid Rotation

As mentioned earlier, the novel AC criteria exploit some
concepts of principal component analysis44–46 to target the
optimal experiments to desired parameters. This aspect was
explained and discussed in a previous article26; some basic
principles are recalled here for the sake of clarity. From the
inverse of the information matrix (the parameter variance–co-
variance matrix), a hyper-ellipsoid can be obtained in the pa-
rameter space which represents the true joint confidence
region of the parameters. An eigenvalue–eigenvector decom-
position of the information matrix allows the orientation of
this ellipsoid with respect to the parameter axes to be deter-
mined (each eigenvector identifies a principal direction) and
the relative lengths of the axes of the ellipsoid are given by
the eigenvalues of M. If there are no correlations between the
parameters, the confidence ellipsoid is parallel to the axes.47

In such a situation, each of the principal directions of the in-
formation matrix (or of the variance–covariance matrix) is
dominated by a specific parameter. This derives directly from
the condition of parallelism: only one eigenvector component
for each principal direction is significantly different from zero
if the ellipsoid and the parameter axes are parallel. Therefore,
if there are no correlations between the parameters, the princi-
pal component analysis of the information matrix can easily
relate the parameters with the corresponding eigenvalues. In
this way, maximizing an eigenvalue is equivalent to increase
the information content of the corresponding parameter.

When the model structure prevents a complete elimination
of the parameter correlations, at the end of the design the
ellipsoid is not anymore parallel to the axes. This can influ-
ence the outcomes of the novel ACE and E-AC designs
which, as shown in the previous section, are based on a pa-
rameter-eigenvalue association. Two main possibilities can
be encountered as follows:

1. Each principal direction is dominated by a specific pa-
rameter (and this is the most likely case based on our experi-
ence because even the information matrix at the base point
often reveals an evident parameter-eigenvalue connection);

2. Some principal directions can be controlled by two or
more parameters approximately in an equal measure.

In the first case, the criteria can be formulated as men-
tioned in the introduction; in the second case, the design
must work on the smallest eigenvalue of the principal direc-
tions which are controlled by the desired parameter. As the
variance–covariance matrix is the inverse of the information
matrix, the variance of a parameter is mainly due to the most
uncertain principal direction of those controlled by the
parameter.

A second aspect worth discussing is the choice of the
eigenvalue/s to use in the ACE and E-AC criteria when the
ellipsoid tends to rotate during the design (as in the bioreac-
tor example considered here—see the results section). If the
ellipsoid rotates, the connection between parameters and
eigenvalues changes and so improving a certain principal
direction can have a different result from the expected one.
In such a case, the analysis of the information matrix at the

base point is no longer sufficient for the eigenvalue choice.
To identify if the model under investigation is subject to
these ellipsoid rotations during the design, a comparison (in
terms of eigenvalue–eigenvector analysis) between the opti-
mal information matrix obtained after the PAC design and
the same matrix at the base point is performed. If the PAC
design causes an ellipsoid rotation, this may also happen
when the other AC criteria are used because it is probably
required to reduce the correlations. In such a case, the eigen-
value choice can be based on the optimal information matrix
obtained after the PAC design.

In general, a completely random ellipsoid rotation between
the various designs can also occur. This cannot be detected a
priori but only after the design has been performed; in this
case, three solutions may be adopted:

� To redesign the experiment using a different eigenvalue
according to the new parameter-eigenvalue connection identi-
fied;

� To impose a constraint to prevent an ellipsoid rotation
from changing the parameter-eigenvalue association shown at
the base point. If the aim is to have parameter i dominating
the principal direction j, it is sufficient to ensure that its rela-
tive importance in that direction is greater than 50%; the fol-
lowing constraint formulation can therefore be used: impij [
eimp
ij with eimp

ij [ [55,100]. The closer the bound eimp
ij is to

100, the more the principal direction j is dominated by the
desired parameter but the more difficult convergence can be;

� To use a different criterion (AC-V design), which is
completely independent of any eigenvalue.

ACE Vs. AC-V Design

When the correlations cannot be completely eliminated,
the confidence ellipsoid is not anymore parallel to the param-
eter axes and ACE and AC-V criteria answer to different
requirements. If the aim is to design an experiment specifi-
cally targeted at minimizing the uncertainty of one parame-
ter, the AC-V design is the most appropriate tool and is
much more immediate to employ than the ACE design since
it requires only the preliminary analysis of the correlation
coefficients (see the algorithm described earlier). On the
other hand, the ACE design needs more effort initially
because the association between parameters and eigenvalues
must be identified and, in case of ellipsoid rotations, this can
be not so direct (see previous section). This criterion is, how-
ever, very effective in designing experiments targeted at a
desired parameter/s when this preliminary analysis is prop-
erly performed (see the examples reported in the results sec-
tion). In addition, the ACE criterion is very suitable when all
the parameters in the model need improvements. In this case,
optimal experiments can be calculated (for example in a par-
allel approach) constraining a different eigenvalue in each of
the designs, after having established how many experiments
are to be performed (depending on the budget available). So,
when all the parameters are to be improved, using this
method instead of an AC-V criterion with a different parame-
ter variance in each of the experiments should give better
results. By improving the most uncertain principal directions,
two advantages can be gained:

� The precision of the parameters which dominate those
directions is enhanced and
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� As a secondary effect, all the other parameters which
influence even slightly the directions considered can achieve
more reliable estimates.

To summarize, the ACE design is therefore recommended
if the aim of the new set of experiments is to improve the
estimation of all the parameters with a minimum number of
experiments while the AC-V criterion is suitable to specifi-
cally improve the estimation of one or more specific parame-
ters. The ACE design can also be used for the latter require-
ment but, in this case, a rigorous preliminary analysis of the
system is required according to the steps indicated in the pro-
posed algorithm.

Application to a Bioreactor Model

To illustrate the effectiveness and flexibility of the novel
criteria when applied to a more complex model than the ped-
agogical, three-parameter epoxidation example employed in a
previous publication,26 a fermentation process is considered
here as case study. The following procedure was adopted for
the analysis of the case study: first, the optimal experiments
were designed using the novel AC criteria and various possi-
ble design approaches (sequential, parallel, parallel-sequen-
tial) were tested. The required optimal experimental data
were then simulated using the true values of the parameters
(see later) and a normally distributed random error with a
specified variance–covariance matrix (see later) was added to
the simulated data to reproduce the uncertainty typical of
real measurements. Finally, the parameters were estimated
and their estimates statistically assessed. The results of these
tests are reported in the following sections after a brief
description of the example used.

Case Study

The bioreactor model used here as case study considers
the fermentation stage of an intracellular process48 as pre-
sented in Benabbas et al.16 for the fermentation of baker’s
yeast. The model does not take into account the internal
composition and structure of the cells (unstructured model)
and assumes all the cells to be identical (unsegregated
model). Only one key substrate is considered to be the limit-

ing factor for growth and product formation; the product is
an intracellular enzyme and nonviable cells are also formed.
An isothermal operation of the fermenter and a feed free
from the product are assumed. Figure 2 shows a schematic
illustration of the bioreactor including the inlet stream, the
fermenter body, and measured variables. Assuming Monod-
type kinetics for biomass growth and substrate consumption,
the system can be described by the following set of DAEs48:

dy1

dt
¼ ðr � u1 � h4Þ � y1

dy2

dt
¼ � r � y1

h3

þ u1ðu2 � y2Þ

r ¼ h1y2

h2 þ y2

(16)

where y1 and y2 are the biomass and substrate concentrations
(g/l), u1 the dilution factor (h21), and u2 the substrate con-
centration in the feed (g/l). r is the micro-organism specific
growth rate (g/(l�h)]) and hi are the unknown parameters of
the model.

Analysis of the system

The experimental conditions that can be optimized during
an experiment design are as follows:

� The initial biomass concentration (or inoculation), y0
1,

with range 1–10 g/l;
� The dilution factor, u1, with range 0.05–0.2 h21;
� The substrate concentration in the feed, u2, with range

5–35 g/l;
� The sampling times for the two responses;
� The switching times for the two control variables.
The initial substrate concentration, y0

2, is assumed equal to
0 g/l and cannot be manipulated for experiment design pur-
poses. The two controls, u1 and u2, are modeled as piece-
wise-constant variables over five intervals and with different
switching times.

As indicated in Figure 2, both state variables, y1 and y2,
are measurable; the variance–covariance matrices for the ex-
perimental data are assumed to be diagonal (independent
measurements) and a constant variance model is adopted:

Figure 2. Scheme of the bioreactor used for the fermentation process.
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RA ¼ 0:01 0

0 0:05

� �
and RB ¼ 0:1 0

0 0:5

� �
: (17)

Matrix SA represents the case of a reliable and precise
measurement system whereas matrix SB simulates the more
realistic situation of experimental data affected by high
errors. In both cases, the experimental variances are assumed
to be known a priori. The choice of independent measure-
ments has no effect on the application of the algorithm: a di-
agonal matrix simply makes the calculation of the informa-
tion matrix at each optimization step quicker.

As the number of sampling times is chosen equal to five
(limited budget) and both responses are assumed to be meas-
ured at the same time, there are in total 24 design variables
for this problem. The duration of the experiment which is
defined by the last sampling time is chosen to be maximum
40 h. Table 1 summarizes the initial guesses and the ranges
for all the variables involved in the design.

Some additional constraints are required for the sampling
and switching times:

� The earliest time at which a measurement can be taken
is equal to 1 h;

� The minimum time between consecutive measurements
is again equal to 1 h;

� The minimum time between consecutive switching times
is equal to 0.5 h.

The initial guesses of the parameters for the case of low-
variance data (matrix SA) are taken from Galvanin et al.,12

hA 5 [0.357, 0.153, 0.633, 0.043], while for the case of
unreliable data the following values are adopted: hB 5 [0.62,
0.09, 1.0, 0.025]. The true values of the parameters used for
simulating the optimal experimental data are assumed as in
Galvanin et al.12 equal to htrue 5 [0.31, 0.18, 0.55, 0.05].

Criteria assessment: test results

When the novel criteria briefly described in the introduc-
tion were applied to this case study, two different instances
were tested:

1. Instance 1 corresponds to the ideal case of good initial
guesses for the parameters (hA) and precise experimental
data (matrix SA);

2. Instance 2 represents a more demanding application
which is often encountered in practice. This case is charac-
terized by poor quality data (matrix SB) and unreliable initial
guesses for the parameters (hB). These values show a devia-
tion from the true parameters of 100%; they were chosen all
equidistant from the true values so that differences in the
precision obtained after the estimation could not be ascribed
to better or worse initial guesses.

This section presents the results obtained after the parame-
ter estimation was carried out using the data from the (simu-
lated) optimal experiments to assess the performance and
effectiveness of the novel criteria in reducing correlations
and selectively enhancing the information content of desired
parameter/s, both in a sequential and in a parallel-sequential
experiment design approach. For Instance 1, the first proce-
dure was adopted with two experiments designed sequen-
tially: the parameter values obtained after the first estimation
were used as initial guesses for the second design iteration
and, according to a standard sequential experiment design
approach, the second estimation was performed using the
data from both the optimal experiments. For Instance 2, a
parallel-sequential procedure was employed. In the first
design iteration, two experiments were planned in parallel
and, after the estimation, the new parameter values were
used to calculate a third and final experiment in the second
design iteration (the aim was to see whether significant

Table 1. Initial Guess and Range for the Design Variables of the Bioreactor Case Study

Variable Symbol Initial Guess Lower Bound Upper Bound

Initial biomass concentration (g/l) y0
1 1 1 10

Sampling times (h) tsp [1/7/15/20/30] 0.1 40
Switch time for first control (h) ssw1 [1/6/10/20] 0.1 40
Switch time for second control (h) ssw2 [1/6/10/20] 0.1 40
Dilution factor (h21) u1 [0.05/0.05/0.05/0.05/0.05] 0.05 0.2
Feed substrate concentration (g/l) u2 [5/5/5/5/5] 5 35
Experiment duration* (h) s 30 0.1 40

*The initial guess of the experiment duration equals the initial guess of the last sampling time.

Table 2. Eigenvalue–Eigenvector Analysis of the Information Matrix at the Base Point and After the PAC Design for Instance
2 (PD1 is the First Principal Direction Which Corresponds To the Largest Eigenvalue)

Base Point PAC Optimal

PD4 (k1) PD3 (k2) PD2 (k3) PD1 (k4) PD4 (k1) PD3 (k2) PD2 (k3) PD1 (k4)

ki 0.28e22 0.43e21 0.102e2 0.349e3 0.117e2 0.152e2 0.297e2 0.172e4

eij h1 20.933 0.256 20.252 20.253e21 0.168 0.115 0.973 20.11
h2 20.291 20.125 0.944 0.908e21 0.974 20.166 20.143 0.507e21

h3 0.202 0.919 0.209 20.266 20.136 20.96 0.111 20.224
h4 0.59e21 0.274 20.38e21 0.959 20.63 e21 20.2 0.143 0.967

impij* (%) h1 87.08 6.53 6.33 0.06 2.83 1.31 94.66 1.19
h2 8.47 1.55 89.15 0.82 94.92 2.77 2.05 0.26
h3 4.10 84.42 4.38 7.10 1.84 91.91 1.24 5.00
h4 0.35 7.49 0.14 92.02 0.40 4.00 2.04 93.55

The entries in bold denote the largest relative importance in each direction.
*The subscripts i and j indicate, respectively, the parameters and the principal directions (PD).
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improvements in the precision of the estimates could be
obtained with an additional experiment). Three experiments
in total were therefore designed for each case of Instance 2.

Some designs were also performed for both instances
using the standard criteria (E- and D-optimal) so as to com-
pare their performance with that of the novel AC approach.

Preliminary analysis

According to the algorithm previously described, the prelim-
inary steps required for the application of the AC approach
include the following: an analysis of the correlation and infor-
mation matrix at the base point, a design of experiments with a
standard and with the PAC criterion, and an analysis of the cor-
relation and information matrices obtained after these designs.
This section briefly illustrates the conclusions drawn from
these preliminary analyses for the case study investigated. The
following base point correlation matrices were obtained for the
two instances considered in the tests (OCL is the overall corre-
lation level calculated according to Pritchard’s metric):

Cjinst:1 ¼

1 0:9989 �0:2025 �0:2623

1 �0:2138 �0:275

1 0:9948

1

2
664

3
775

OCL ¼ 0:608

Cjinst:2 ¼

1 0:985 �0:207 �0:22

1 0:0395 0:05

1 0:99

1

2
664

3
775

OCL ¼ 0:58

(18)

It can be seen that two pairs of parameters (h1 2 h2 and
h3 2 h4) present the maximum degree of correlation while
the remaining coefficients reveal a low interaction between
the other parameters for both instances (that is C12 and C34

are the ‘‘problematic’’ coefficients).
To see whether a significant reduction in the correlations

could be achieved, both an E-optimal and a PAC design
were employed. The latter criterion was formulated with
the following objective function and constraints for both
instances:

OF ¼ min
u 62U

ðC2
12 þ C2

34Þ

s:t: C2
ij < 0:01 for all ij pairs and with Cij 6¼ C12 6¼ C34

(19)

The following optimal correlation matrices were obtained
for Instance 2 after the E-optimal and the PAC design (the
results for Instance 1 are not reported because very similar):

Cjinst:2
E�opt: ¼

1 0:603 0:909 0:96

1 0:119 �0:015

1 0:88

1

2
664

3
775

OCL ¼ 0:695

Cjinst:2
PAC ¼

1 0:148 �0:11 0:18

1 �0:018 �0:199

1 0:848

1

2
664

3
775

OCL ¼ 0:371

(20)

Table 3. Objective Functions and Constraints Used in the Various Cases Tested for Instance 1

Design Iteration Case AC Criterion Objective Function Bounds on Correlation Coefficients* Other Constraints

1 1 ACE min (C2
12 1 C2

34) eC 5 [–, 0.01, 0.01, 0.01, 0.01, –] k1k1
0 [ 750, k2k2

0 [ 50,000
2 AC-V V22 \ 0.00098
3 PAC –

2 1 E-AC max k1
† eC 5 [0.64, 0.115, 0.194, 0.032, 0.04, 0.722] –{

2 AC-V min (C2
12 1 C2

34) eC 5 [–, 0.35, 0.476, 0.01, 0.01, –] V22 \ 0.00098

*The bounds contained in the vector eC refer to the following correlation coefficients: C12, C13, C14, C23, C24, and C34.
†k1 is the smallest eigenvalue of the information matrix.
{The symbol – indicates that no constraint on that particular correlation coefficient/eigenvalue/variance is used.

Table 4. Parameter Estimation Results for the E- and D-Optimal Designs (First and Second Iteration, Instance 1)

Design/Iteration Parameter Estimated Value 95% CI 95% t-Values Correlation Matrix v2-Test

E-optimal/iteration 1 h1 0.312 0.1181 2.64 1 �0:946 0:999 0:999

1 �0:957 �0:96

1 0:999

1

2
664

3
775

4.5474 vs. 12.592
h2 0.199 0.2323 0.86*
h3 0.552 0.2445 2.26
h4 0.049 0.1197 0.41*

D-optimal/iteration 1 h1 0.312 0.0189 16.5 1 0:907 0:881 0:813

1 �0:243 �0:365

1 0:975

1

2
664

3
775

4.4013 vs. 12.592
h2 0.191 0.8725 0.22*
h3 0.556 0.0318 17.5
h4 0.051 0.0078 6.59

E-optimal/iteration 2 h1 0.312 0.0092 34.11 1 0:852 0:884 0:862

1 0:277 0:349

1 0:963

1

2
664

3
775

10.95 vs. 26.296
h2 0.195 0.0627 3.10
h3 0.553 0.0195 28.35
h4 0.0501 0.0042 11.84

*Failed t-test (the reference t-values are 1.943 and 1.746 for the first and second iteration, respectively).
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It can be seen that the standard design slightly reduces the
correlations between the ‘‘problematic’’ coefficients but
causes a significant increase in the correlation between h1

and the other two parameters. Therefore, at the optimal point,
three pairs of parameters instead of two are highly correlated
(between 0.88 and 0.96) and this is reflected in the increase
shown in the OCL (0.695 vs. 0.58). For this reason, the PAC
design minimizes both C12 and C34 in the objective function
(according to the algorithm, these correlations cannot be
reduced in the standard design without causing a worsening
of the other coefficients and therefore it is better to minimize
them in the objective function). The PAC design reduces all
correlations significantly compared to the base point (C34

remains quite high but well below the 0.98 level of the initial
situation). The OCL is 36% lower than at the base point.

These results show that for this particular case study the
structure of the model makes it impossible to eliminate all
the correlations simultaneously. They can, however, be indi-
vidually eliminated; some tests were performed with only
one correlation coefficient involved in the design and in these
cases, a final value very close to zero was always obtained
for the correlation considered. However, the elimination of
the correlation between h1 2 h2 and h3 2 h4 causes all the
remaining coefficients to show very high values (around 0.9)
and so the OCL worsens significantly. This means that only
a partial reduction of the problematic coefficients must be
accepted and sought in the designs due to the model com-
plexity because, only in this way, optimal experiments show-
ing an improvement in all the parameter correlations can be
obtained.

Beside the correlation matrix analysis, the other main steps
in the algorithm involve the study of the information matrix
with the aim of establishing a connection between parameters
and eigenvalues for use in the ACE and E-AC designs. Table
2 presents the results of this preliminary analysis for Instance
2 of the bioreactor example (Instance 1 showed the same
ellipsoid rotation); the eigenvalue–eigenvector analysis of the
information matrices at the base-point and after the PAC
design is reported (the relative importance of the various pa-
rameters is also shown). As it can be seen, the ellipsoid
rotates significantly after the PAC design: only the first- and
third-principal directions remain dominated by the same pa-
rameter as at the base point (h4 and h3, respectively). All the
cases tested (see later) for the bioreactor example showed
this same rotation; in this case, therefore, the analysis of the
PAC-optimal information matrix is deemed sufficient to iden-
tify the desired parameter-eigenvalue association.

Instance 1

Table 3 contains a summary of the various cases tested
and described in this section for Instance 1; the AC criteria
and the formulations (objective function and constraints)
adopted in all the design iterations are reported. The bounds
used in the constraints were all chosen within the ranges
identified in the proposed algorithm.

For the first design iteration (starting from the base point
described earlier), both the ACE and the novel AC-V criteria
were tested and their performance compared with that of the
two most commonly used standard methods (E- and D-opti-
mal). Table 4 presents the results obtained in the first itera-

Table 5. Parameter Estimation Results for Case 1 (Instance 1, ACE and E-AC Design for First and Second Iteration,
Respectively)

Iteration Parameter Estimated Value 95% CI 95% t-Values* Correlation Matrix v2-Test

1 h1 0.312 0.0072 43.43 1 0:743 0:283 0:298

1 �0:208 �0:237

1 0:818

1

2
664

3
775

2.9831 vs. 12.592
h2 0.221 0.1039 2.13
h3 0.534 0.0210 25.36
h4 0.046 0.0046 10.17

2 h1 0.309 0.0028 112.21 1 0:619 0:457 0:407

1 �0:174 �0:21

1 0:687

1

2
664

3
775

10.13 vs. 26.296
h2 0.177 0.0270 6.56
h3 0.546 0.0090 60.62
h4 0.049 0.0020 24.93

*The reference t-values are 1.943 and 1.746 for the first and second iteration respectively.

Figure 3. Confidence ellipses (Case 1, Instance 1).

(a) Comparison between D-optimal and ACE design (first
iteration), ellipse h1 2 h2; (b) Comparison between E-opti-
mal (second iteration) and AC design (ACE in the first iter-
ation and E-AC in the second one), ellipse h2 2 h3.
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tion for these two traditional approaches. As it can be seen,
the performances of the D- and E-optimal criteria differ sig-
nificantly. The latter yields very poor results: the t-values
obtained for all the estimates are very low and two parame-
ters fail the test. In addition, all the correlations are very
close to the maximum level (0.99) with three coefficients
actually reaching this value. The predicted t-values (41, 4.3,
24, 5.3) expected all the parameters to be properly estimated
but such high correlations are very likely responsible for the
poor estimates actually obtained.

The D-optimal criterion performs better: only one parame-
ter fails the test and the t-values of the other estimates are
well above the reference value. The correlation levels are on
average still high; with the exception of C23 and C24, all the
other coefficients are above the 0.8 threshold and the pair
h3 2 h4 exhibits a correlation (0.975) very close to the maxi-
mum value.

When the second iteration was tried, the D-optimal design
showed convergence problems and no experiment could be
obtained. On the other hand, the E-optimal criterion,
although so poorly effective in the first design iteration, was
successful and the new experiment significantly improved the
estimates achieved after the first parameter estimation (see
Table 4). It can be noted that all the parameters show satis-
factory t-values and only one correlation coefficient (C34)
remains close to the maximum level. The correlations
between h2 2 h3 and h2 2 h4 are significantly reduced
whereas the other coefficients present lower values than in
the first iteration, which are, however, still high.

All these results show that there is much room for
improvement in the design of optimal experiments for this
bioreactor example. In the following sections, the perform-
ance of the new criteria in the first design iteration is com-
pared only with the results of the D-optimal as the E-optimal
method worked so poorly. However, for the second design
iteration, the E-optimal criterion is used as means of compar-
ison (as the D-optimal experiment did not converge).

From the preliminary tests performed to understand the
behavior of the system, h2 emerged as the most difficult pa-
rameter to estimate because it dominates the most uncertain
principal direction and its corresponding eigenvalue is two
orders of magnitude lower than the following one. The sec-
ond principal direction (which corresponds to k2) is, how-
ever, responsible for almost the entire variance of the other
three parameters (results not shown here). For this reason,
Case 1 employed the ACE design in the first iteration with
both eigenvalues bounded in the constraints (k1 2 k0

1 [ 750
and k2 2 k0

2 [ 50,000). In this way, an improvement in all

the parameter estimates was expected. From the values of
the bounds used, it can be noted that this design aims mainly
at improving the estimation of h1, h3, and h4 but does not
neglect Parameter 2. Table 5 reports the estimation results
obtained after each design iteration.

It can be seen that the criterion performs as expected: all
the parameters are estimated with sufficient precision with h1

in particular exhibiting the largest t-value obtained in all the
tests. Thanks to the constraint on k1, parameter h2 is esti-
mated with sufficient precision (none of the standard designs
was able to yield a satisfactory t-value for this parameter).

Table 6. Parameter Estimation Results for Case 2 (Instance 1, AC-V Design for Both Iterations)

Iteration Parameter Estimated Value 95% CI 95% t-Values* Correlation Matrix v2-Test

1 h1 0.309 0.0116 26.60 1 0:67 0:041 0:067

1 �0:196 �0:305

1 0:86

1

2
664

3
775

4.8051 vs. 12.592
h2 0.183 0.0837 2.19
h3 0.551 0.0223 24.69
h4 0.049 0.0052 9.38

2 h1 0.310 0.0028 109.20 1 0:417 0:163 0:285

1 0:112 �0:082

1 0:718

1

2
664

3
775

8.1334 vs. 26.296
h2 0.179 0.0326 5.49
h3 0.551 0.0121 45.51
h4 0.050 0.0024 20.49

*The reference t-values are 1.943 and 1.746 for the first and second iteration, respectively.

Figure 4. Confidence ellipses (Case 2, Instance 1).

(a) Comparison between D-optimal and AC-V design (first
iteration), ellipse h2 2 h4; (b) Comparison between E-opti-
mal (second iteration) and AC-V design (first and second
iteration), ellipse h2 2 h3.
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All the correlation coefficients present lower values than in
the standard case, in particular, C34, and this allows a better
estimate to be obtained for all the parameters. All the confi-
dence regions present much smaller areas compared with the
D-optimal design as a result of the lower correlations and
higher precisions achieved (see Figure 3a for an example of
a confidence ellipse).

In the second iteration of Case 1, the E-AC criterion was
adopted with the aim of maximizing the smallest eigenvalue
(k1) as h2 was still the most uncertain parameter after the
first estimation. As Table 5 shows, a 208% increase in the t-
value of this parameter is obtained together with a very sub-
stantial improvement in the other estimates and a further
reduction in the two largest correlation coefficients (C12 and
C34). Compared with the second iteration of the E-optimal
design, the E-AC criterion shows a much better performance:
all the parameters are less correlated and estimated with
higher precision and this results in smaller confidence regions
(Figure 3b).

Case 2 employed the novel AC-V criterion with the aim of
improving the estimation of the most uncertain parameter h2

by directly reducing its variance. Besides the bounds on the
correlation coefficients (see Table 3), a constraint on the var-
iance of h2 is imposed requiring V22 to be below 0.00098
(which corresponds to a predicted t-value of 2, see Eq. 14).
As it can be seen from Table 6 (Iteration 1), the criterion per-
forms very effectively: the desired precision in the estimation
of h2 is achieved and the correlation coefficients are signifi-
cantly reduced compared to the standard case. The estimates
of the other parameters are highly reliable and therefore very
small confidence regions are obtained (Figure 4a). In the sec-
ond iteration, the same criterion was adopted with another
constraint on V22 as h2 was still the most uncertain parameter
(V22 \ 0.00036 which corresponds to a predicted t-value of
4). As Table 6 (Iteration 2) shows, the desired improvement
in the precision of h2 is achieved; the correlation coefficients
(C12 and C34 in particular) are further reduced and the estima-
tion of the other parameters is enhanced thus yielding smaller
confidence regions (Figure 4b).

As a final test for Instance 1, a comparison between the
novel AC approach and a literature method is presented. As
mentioned in the introduction, the only AC criterion for
experiment design available in the literature and valid for
models with more than two parameters is Pritchard’s
method.31 As this criterion (Eq. 4) does not take into account
the information content of the optimal experiment, its per-
formance is compared here with that of the PAC design,
which similarly aims only at reducing the correlations coeffi-

cients. Case 3 employed the PAC criterion to design an
experiment starting from the base point described above and
the results obtained are reported in Table 7, where they are
compared with those achieved using Pritchard’s metric (from
the same base point).

As it can be seen, the PAC criterion performs much better
than Pritchard’s design. The estimates of the parameters
obtained with the latter method are all very far from the true
values (further than the initial guesses used for the design);
this is evident in particular for the most uncertain parameter
h2 (0.01946 instead of the true value 0.18). Two parameters
fail the t-test (only one with the PAC criterion) and all the
correlation coefficients except C12 result higher; C34 in par-
ticular is very close (0.98) to the maximum correlation level.
The better performance of the PAC criterion can be immedi-
ately visualized by comparing the confidence ellipses (Fig-
ure 5), which all show much larger areas when Pritchard’s
design is used.

Instance 2

Instance 2 (characterized by unreliable initial guesses for
the parameters and measurement data affected by high
errors) was adopted to test the performance of the novel cri-
teria in a parallel/sequential approach starting from the base
point described above. Table 8 contains a summary of the
various cases tested and described in this section; the AC cri-
teria and the formulations (objective function and constraints)

Table 7. Parameter Estimation Results for Case 3 (Instance 1, PAC Design Versus Pritchard’s Criterion)

Design Parameter Estimated Value 95% CI 95% t-Values* Correlation Matrix v2-Test

PAC h1 0.308 0.0089 34.59 1 0:268 0:509 0:514

1 �0:337 �0:271

1 0:784

1

2
664

3
775

5.9905 vs. 12.592
h2 0.149 0.1077 1.18*
h3 0.551 0.0239 23.09
h4 0.050 0.0085 5.93

Pritchard h1 0.280 0.0745 3.76 1 0:102 0:726 0:689

1 �0:574 0:642

1 0:984

1

2
664

3
775

4.9972 vs. 12.592
h2 0.019 0.0148 0.13*
h3 0.599 0.2571 2.33
h4 0.066 0.0785 0.84*

*Failed t-test (the reference t-values are 1.943 and 1.746 for the first and second iteration, respectively).

Figure 5. Confidence ellipses (Case 3, Instance 1).

Comparison between PAC design and Pritchard’s criterion,
ellipse h1 2 h4.
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adopted in all the design iterations are reported. As before,
the standard D- and E-optimal criteria are used as bench-
marks to test the performance of the novel designs. Table 9
shows the results obtained with these traditional approaches
after the first iteration (two parallel experiments). It can be
noted that, in both cases, two parameters fail the t-test and
the estimate of Parameter 2 is very far from the true value
(0.18). Regarding the correlations, all the coefficients, except
C23 and C24, show very high values in the case of the E-opti-
mal design (C34 is very close to the maximum level). With
the D-optimal criterion, C23 and C24 worsen (but their value
is still medium–low), C12 is significantly lower (242%)
whereas C34 is now equal to the maximum value of 0.99.

When the above estimates obtained from the parallel
design were used to calculate an additional optimal experi-
ment in the second design iteration, no convergence was
reached with the D-optimal criterion whereas the E-optimal
yielded the results reported in Table 9. It can be noted that
the improvement in the precision of the estimates is quite
poor; h2 and h4 still fail the test (the t-value is slightly better
for h2 but unchanged for h4) and, regarding the correlations,
C34 is reduced but now C13 and C14 are very high. The esti-
mate of Parameter 2 is, however, closer to the true-value. As
no convergence was obtained with the D-optimal design, the
results of the E-optimal criterion will be used to assess the
second iteration of the following cases.

As for this case study h2 is the most difficult parameter to
estimate (as highlighted both by the cases of Instance 1 and
by the standard designs described earlier), Case 4 employed

the ACE criterion in both the experiments of the first itera-
tion with k1 (k1 2 k0

1 [ 500) constrained in one of the paral-
lel experiments and both k1 and k2 bounded in the other (k1

2 k0
1 [ 400 and k2 2 k0

2 [ 2500). Table 10 (Iteration 1)
shows the results obtained and it can be seen that, compared
with the standard designs, only one parameter, h2, now fails
the t-test. All the other estimates present very satisfactory t-
values (in particular Parameters 1 and 3) and much higher
precision than in the D- or E-optimal case is achieved for
Parameter 3. The design is much more effective than the
standard criteria and reduces all the correlation coefficients
to medium or low levels; the improvement in the confidence
regions is substantial compared with both the standard
designs (see Figure 6a for an example).

The second iteration tried to improve the estimation of Pa-
rameter 2 (the most uncertain) by employing the novel V-AC
design with the variance of h2 as objective function to be
minimised. As reported in Table 10 (iteration 2), the t-value
of the desired parameter doubles but still results slightly
insufficient; the precision obtained here is, however, the
highest of the various tests performed for Instance 2. The
correlation levels remain very similar to the previous itera-
tion and a further improvement in the confidence regions,
which are much smaller than in the E-optimal case, can be
noted (Figure 6b).

As a final test, the novel AC-V criterion was employed for
both the parallel experiments of the first iteration (Case 5);
one experiment required V22\9e24 (predicted t-value of 1.1)
and the other V44\8.5e26 (predicted t-value of 4). As

Table 9. Parameter Estimation Results for the E- and D-Optimal Designs (First and Second Iteration, Instance 2)

Design/Iteration Parameter Estimated Value 95% CI 95% t-Values Correlation Matrix v2-Test

E-optimal/iteration 1 h1 0.366 0.148 2.47 1 0:891 0:668 0:786

1 �0:052 �0:157

1 0:987

1

2
664

3
775

6.9101 vs. 26.296
h2 0.434 0.8033 0.54*
h3 0.52 0.0881 5.90
h4 0.035 0.038 0.91*

D-optimal/iteration 1 h1 0.309 0.0377 8.17 1 0:521 0:872 0:86

1 �0:352 �0:365

1 0:992

1

2
664

3
775

15.709 vs. 26.296
h2 0.456 0.6868 0.66*
h3 0.508 0.1683 3.01
h4 0.0401 0.02994 1.37*

E-optimal/iteration 2 h1 0.301 0.0394 7.64 1 0:669 0:945 0:93

1 0:244 �0:166

1 0:644

1

2
664

3
775

10.95 vs. 38.885
h2 0.24 0.1709 1.41*
h3 0.521 0.0846 6.16
h4 0.034 0.0304 0.94*

*Failed t-test (the reference t-values are 1.746 and 1.706 for the first and second iteration, respectively).

Table 8. Objective Functions and Constraints Used in the Various Cases Tested for Instance 2 (Two Experiments Were
Designed in Parallel in the First Design Iteration, Only One in the Second Iteration)

Design
Iteration Case Exp. AC Criterion Objective Function

Bounds on Correlation
Coefficients*

Other
Constraints

1 4 1 ACE min ðC2
12 1 C2

34Þ eC 5 [–, 0.09, 0.09, 0.09, 0.09, –] k1k1
0 [ 500

2 ACE k1k1
0 [ 400

k2k2
0 [ 2500

5 1 AC-V V22 \ 9.4e24

2 AC-V V44 \ 8.5e26

2 4 V-AC min (V22) eC 5 [0.25, 0.64, 0.49, 0.01, 0.01, 0.77] –
5 E-AC max k2

† eC 5 [0.36, 0.42, 0.42, 0.01, 0.04, 0.49] –{

*The bounds contained in the vector eC refer to the following correlation coefficients: C12, C13, C14, C23, C24, and C34.
†k2 is the second smallest eigenvalue of the information matrix.
{The symbol – indicates that no constraint on that particular correlation/eigenvalue/variance is used.
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Table 11 (Iteration 1) shows, the criterion performs as
expected and the results obtained are quite similar to the pre-
vious case (Parameter 2 still fails the test) except for the
lower precision of Parameter 3. The correlation levels result
slightly higher than in the previous example with the excep-
tion of the problematic coefficient C12, which is now reduced
to a very small value (0.17). The confidence regions obtained
are much smaller than in both the standard cases (Figure 7a).

To highlight the flexibility of the novel approach to target
experiments to desired parameters, in the second iteration of
Case 5, the E-AC criterion with k2 as objective function was
employed (h1, h3, and h4 were the targets). From the results
reported in Table 11 (Iteration 2), it can be seen that the pre-
cision of all the estimates (except h2 as expected) is very
high (in particular that of Parameter 1 which now presents a
t-value of 29). Most of the correlation coefficients are signifi-
cantly reduced compared with the first iteration and much
smaller confidence regions are achieved (Figure 7b). The
confidence ellipses calculated after this second iteration pres-
ent the smallest area obtained during the tests of the bioreac-
tor example in the conditions simulated by Instance 2.

Criteria assessment: discussion on the results

The main objective of the novel design criteria is to reduce
the correlations between the parameters as much as possible.
As six-correlation coefficients are involved in this case study,
Pritchard’s scalar measure of correlation (Eq. 4) can be used
to immediately assess whether the optimal experiments reduce
or increase the OCL. Table 12 reports the values of this metric
calculated for all the examples discussed in the previous two
sections (the results of the standard criteria are included for
comparison). It can be seen that in all the cases tested the
novel criteria perform very effectively: the reduction in the
correlation levels is very significant compared with the values
obtained with the standard design. As highlighted during the
preliminary analysis of the system, the structure of the model
here used as case study prevents an easy decoupling of the pa-
rameters and so makes a complete elimination of all parameter
correlations impossible. This characteristic is common to the
vast majority of chemical process models and so makes the
particular example here used a very important benchmark to
test the effectiveness of the criteria.

The comparison between the novel and the standard
designs (D- and E-optimal) showed how the AC criteria are
able to improve significantly the precision of the estimates
(much smaller confidence regions) thanks to the reduction in
the parameter correlations and the capability of targeting the

experiments so as to specifically improve the information
content of desired parameters. The high flexibility of choos-
ing which eigenvalue/s or parameter variance/s to bind in the
constraints is a powerful tool, very suitable for any possible
design procedure: sequential, parallel, and parallel-sequential,
as demonstrated by the cases here reported.

The application of the novel AC approach requires a cer-
tain degree of preliminary analysis of the system under
investigation in order to be able to fully exploit the high
flexibility of the method. The ‘‘problematic’’ correlation coef-
ficients, possible ellipsoid rotations, and the parameter-eigen-
value connection must be identified. The proposed algorithm
contains a set of recommendations on how to perform these
investigations and the results of the case study reported here

Figure 6. Confidence ellipses (Case 4, Instance 2).

(a) Comparison between D- and E-optimal and ACE design
(first iteration), ellipse h3 2 h4; (b) Comparison between E-
optimal (second iteration) and AC design (ACE in the first
iteration and V-AC in the second one), ellipse h2 2 h4.

Table 10. Parameter Estimation Results for Case 4 (Instance 2, ACE and V-AC Design for First and Second
Iteration, Respectively)

Iteration Parameter Estimated Value 95% CI 95% t-Values* Correlation Matrix v2-Test

1 h1 0.339 0.0289 10.27 1 0:692 0:41 �0:27

1 0:18 �0:335

1 0:652

1

2
664

3
775

16.937 vs. 26.296
h2 0.277 0.3501 0.79*
h3 0.548 0.0392 13.99
h4 0.046 0.0117 3.93

2 h1 0.326 0.0971 16.24 1 0:568 0:519 0:164

1 0:354 �0:143

1 0:652

1

2
664

3
775

20.982 vs. 38.885
h2 0.160 0.0201 1.65*
h3 0.549 0.0342 16.05
h4 0.051 0.0078 6.51

*Failed t-test (the reference t-values are 1.746 and 1.706 for the first and second iteration, respectively).
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proved both the necessity of these preliminary steps and the
usefulness of the suggested approach.

Conclusions

Because of the increasing importance of mathematical
modeling in process engineering, there is a growing need of
developing effective tools to help the engineer in the rapid
building and especially validation of these models. One of
the problems often encountered during this phase of model
validation is the high correlation between the model parame-
ters (especially between kinetic ones), which can make pa-

rameter identification extremely difficult (and sometimes
impossible). This issue has been well known in the literature
but very few articles have proposed a suitable experiment
design procedure as a means of overcoming this problem.
Based on our knowledge, none of the solutions proposed up
to now is comparable with our novel AC approach, which
has been introduced in a previous publication. This innova-
tive method has been demonstrated capable of significantly
reducing the nonstructural parameter correlations while main-
taining the same aims of traditional design criteria (i.e.,
improved information content). This article has dealt with
some issues which can rise from the application of this
approach to complex models and has proposed an algorithm
based on our experience to help a user in successfully
exploiting the flexibility and effectiveness of the method.
Unlike the standard experiment design criteria, the AC
approach requires a certain degree of preliminary analysis
and knowledge of the system structure. However, once these
steps have been performed (according to the recommenda-
tions proposed), the available tool is much more powerful.
The application of the novel approach to a fermentation
model (often employed in the literature) proved all criteria
very successful in reducing correlations and improving pa-
rameter precision and more effective than the standard
experiment design methods (all confidence regions resulted
much smaller). The comparison with Pritchard’s method (the
most valid of the experiment design criteria proposed in the
literature for correlation reduction) highlighted the greater
advantages and effectiveness of the proposed approach
thanks to its high flexibility in the choice of objective func-
tions and constraints. Moreover, the results shown in this ar-
ticle demonstrated how the AC criteria are very suitable for
any experiment design procedure (sequential, parallel, etc.),

Figure 7. Confidence ellipses (Case 5, Instance 2).

(a) Comparison between D- and E-optimal and AC-V
design (first iteration), ellipse h2 2 h4; (b) Comparison
between E-optimal (second iteration) and AC design (AC-V
in the first iteration and E-AC in the second one), ellipse
h3 2 h4.

Table 12. Overall Correlation Level for the Examples
Reported in the Previous Two Sections (NC Means That No
Convergence Was Reached, While the Symbol-Indicates A

Case Not Reported in This article)

Instance 1 Instance 2

Case Iteration 1 Iteration 2 Case Iteration 1 Iteration 2

E-optimal 0.977 0.75 E-optimal 0.69 0.672
D-optimal 0.753 NC D-optimal 0.708 NC

1 0.498 0.466 4 0.45 0.445
2 0.472 0.37 5 0.537 0.524
3 0.482 –

Table 11. Parameter Estimation Results for Case 5 (Instance 2, AC-V and E-AC Design for First and Second
Iteration, Respectively)

Iteration Parameter Estimated Value 95% CI 95% t-Values* Correlation Matrix v2-Test

1 h1 0.305 0.0241 12.64 1 0:169 0:717 0:679

1 �0:0327 �0:244

1 0:816

1

2
664

3
775

9.4898 vs. 26.296
h2 0.227 0.2708 0.84*
h3 0.527 0.0949 5.55
h4 0.043 0.0103 4.17

2 h1 0.311 0.0107 29.02 1 0:507 0:681 0:584

1 0:466 �0:335

1 0:687

1

2
664

3
775

16.015 vs. 38.885
h2 0.193 0.1368 1.41*
h3 0.555 0.0282 19.67
h4 0.049 0.0064 7.70

*Failed t-test (the reference t-values are 1.746 and 1.706 for the first and second iteration, respectively).
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thanks to their capability of targeting the optimal experi-
ments and so enhancing in a selective and progressive way
the precision of the parameters.

As demonstrated by the case study, many choices required
for the experiment design are left to the modeler/experi-
menter, such as for example the number of samples to col-
lect, the number of experiments to perform, the design proce-
dure (parallel, sequential, etc.) or the number of responses to
measure. Most of these decisions are dictated by considera-
tions of economical nature and strongly influence the out-
come of the design because of a trade-off between precision
of the estimates and laboratory load.24 An incorporation of
some measures of cost or effort for the experimental and an-
alytical work (both in terms of time and resources) could
represent a significant improvement for the experiment
design methodology and a first step towards an automatic
procedure for saturating the degrees of freedom of the
design. As illustrated by the algorithm, the novel AC
approach requires a significant amount of preliminary analy-
ses of the system. A set of recommendations have been pro-
posed to help in this stage and this is another area where an
automatic and rigorous procedure for choosing in particular
the bounds for the constraints could be very beneficial in
making the approach more user friendly. These topics will be
addressed in our future research.
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46. Vajda S, Valko P, Turányi T. Principal component analysis of
kinetic models. Int J Chem Kinet. 1985;17:55–81.

47. Draper NR, Smith H. Applied Regression Analysis, 1st ed. New
York: Wiley, 1966.
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